We derive dynamics of the entanglement wedge cross section directly from the two-dimensional holographic CFTs with a local operator quench. This derivation is based on the reflected entropy, a correlation measure for mixed states. We further compare these results with the mutual information and ones for RCFTs. Our results directly suggest the classical correlation also plays an important role in the subregion/subregion duality even for dynamical setup. Besides a local operator quench, we study the reflected entropy in a heavy state and provide improved bulk interpretation. We checked the above results also hold for the odd entanglement entropy, which is another measure for mixed states related to the entanglement wedge cross section.
I. INTRODUCTION AND SUMMARY
The non-equilibrium dynamics in a given strongly coupled system attracts a lot of attention in the physics community. One useful tool to capture this dynamical process is the entanglement entropy (EE), which is defined by
where ρ A is a reduced density matrix for a subsystem A, obtained by tracing out its complement A c . This quantity measures entanglement between subsystem A and its complement A c if a pure state describes the entire system. The EE also plays a significant role in quantum gravity via the AdS/CFT correspondence [1] [2] [3] [4] . In particular, we expect that the dynamics of the entanglement in the certain d-dimensional system is related to the dynamics of the spacetime in d + 1-dimensional asymptotically AdS spacetime.
If one considers mixed states ρ AB on a system AB ≡ A∪B and wishes to measure the correlation between A and B, however, we have many measures for mixed states in the literature and no unique choice as opposed to the EE for pure states. Therefore, from both conceptual and practical viewpoints, we should use the one(s) which have a clear meaning in the setup under consideration.
In this Letter, we will focus on the reflected entropy S R [5] which has a sharp (conjectured) interpretation in the context of AdS/CFT. We expect that
where E W is area of the minimal cross section of the entanglement wedge [6, 7] dual to the reduced density matrix [8] [9] [10] .
(See also [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] for further developments in this direction.) We will give the definition of the reflected entropy in the next section. This bulk object, called entanglement wedge cross section (EWCS), is a natural generalization of the minimal surfaces. In particular, if B = A c and ρ AB is a pure state, E W (A : B) reduces to the area of the minimal surfaces associated with the S(A)(= S(A c )). In the same way, S R (A : B)
reduces to the 2S(A) for pure states. One main motivation of the present Letter is to understand how the reflected entropy describes the dynamics of correlation in various setups. It will provide us a key to understanding which kind of correlation is important in the subregion/subregion duality. Let us summarize the results of the present Letter. First, we have studied the time evolution of the reflected entropy by a local operator quench and see a perfect agreement with the EWCS for a falling particle geometry [28] . Comparing with the mutual information, our results directly suggest that classical correlations are also important even in the dynamical process of subregion/subregion duality. Second, we study the reflected entropy for heavy states. Interestingly, we can see the phase transition of the EWCS originally discussed in [6, 7] . Our analysis leads improvement of the bulk dual of the heavy state: we should take into account the end of the world brane wrapping around the blackhole horizon. Note that this is also the case for the usual EE first discussed in [29] . Third, we study the local operator quench for rational conformal field theories (RCFTs) and see the agreement with the quasi-particle picture. We should stress that the above analysis also holds for the odd entanglement entropy [23] , which is another generalization of the EE for mixed states. These results can be achieved by using the fusion kernel approach in two-dimensional CFT [30] [31] [32] . We will report the detail of technical parts (for both CFT and gravity) in our upcoming paper [33] .
II. REFLECTED ENTROPY
Here we review the definition of the reflected entropy. We consider the following mixed state,
where each ρ (n)
AB represents a pure state as
where |i n A ∈ H A , |i n B ∈ H B and l i n is a positive number such that i l i n = 1. The real number p n is the corresponding probability associated with its appearance in the ensemble. 
For this mixed state, we can provide the simplest purification as
where |i n A * ∈ H * A and |i n B * ∈ H * B are just copies of H A and H B . Then, the reflected entropy is defined by
where ρ AA * is the reduced density matrix of
III. SETUP
Our interest in this Letter is to study a local operator quench state [34, 35] , which is created by acting a local operator O(x) on the vacuum in a given CFT at t = 0,
where x represents the position of insertion of the operator, is a UV regularization of the local operator and N is a normalization factor so that Ψ(t)|Ψ(t) = 1.
The reflected entropy can be evaluated in the path integral formalism [5] . We study the setup 0 < u2 < −v1 < −u1 < v2. We excite the vacuum by acting an local operator on x = 0 at t = 0.
we define the twist operators σ g A and σ g B . Here, we focus on the following mixed state,
where Ψ(t) is a time-dependent pure state as
Then, in a similar manner to the method in [34] , the replica partition function in this state can be obtained by a correlator as
where we abbreviate V (z,z) ≡ V (z) if z ∈ R and the operators O are inserted at
The twist operator σ gm is just the usual twist operator σ m based on the m-cyclic permutation group, which has the con-
To avoid unnecessary technicalities, we do not show the precise definition of the twist operators σ g A and σ g B (which can be found in [5] ) because in this Letter, we only use the scaling dimension of the twist operators,
O is an abbreviation of the operator on N copies of CFT (CFT ⊗N ). We will take n, m → 1 limit so that the (9) reduces to the original reflected entropy. The denominator in (9) corresponds to the entanglement entropy after a local quench.
IV. HOLOGRAPHIC CFT
As a concrete example, we consider the setup described in FIG. 2 . Namely, we set our subregion . Each blue dot shows a transition of itself or its first derivative.
In this setup, we can summarize our results as follows: For t < −v 1 or −u 1 < t, we have
where (x,x) is given by
On the other hand, for −v 1 < t < −u 1 , we have obtained
Here we defined γ = The above results are perfectly consistent with the EWCS in the falling particle geometry [33] . Several arguments on the above results are below in order. In FIG. 3 , we show the time-dependence of reflected entropy and mutual information in the present setup. An important difference between mutual information and reflected entropy can be found
, the mutual information is continuous, on the other hand, the reflected entropy is discontinuous. To make it clear, we zoom into early time region in the right of the figure. In the lower two plots, we show the difference between the local quench state and the vacuum state, 
which measure a growth of correlations after a local quench. In fact, they behave very similarly, but interestingly, we find the following inequalities for the mutual information and reflected entropy,
It implies that the reflected entropy measure the dynamics of the correlations in a quite different way from the mutual information. And this inequalities might be a key to understanding what correlations are measured by reflected entropy from the physical view point. Possibly, it might be interpreted in the following. The growth in t ∈ [−v 1 , −u 1 ] is strongly caused by the quantum correlations, on the other hand, it would be expected that in t / ∈ [−v 1 , −u 1 ], the excitation changes both quantum correlations and classical correlations in a similar manner. The point is that in the holographic CFT, the mutual information probes quantum correlations more purely than the reflected entropy. Therefore, the quantum correlations in t ∈ [−v 1 , −u 1 ] compared with the classical correlations result in the large growth of the mutual information, thus we obtain ∆S R (A : B) ≤ ∆I(A : B), while in t / ∈ [−v 1 , −u 1 ], the change of the quantum correlations are not larger than the classical correlations enough to satisfy ∆S R (A : B) ≤ ∆I(A : B). This implies the classical correlation also plays an important role in the subregion/subregion duality (even for dynamical setup).
It would be worth mentioning that in the nontrivial time region t ∈ [u 2 , v 2 ], there are two phases as shown in the figure. The remarkable features in each phase is as follows:
The reflected entropy is independent of the conformal dimension h O and does not include high energy scale (the UV cutoff parameter ).
The reflected entropy depends on the conformal dimension h O and includes high energy scale.
It means that when the left or right moving excitation enters one interval, the excitation affects the reflected entropy but its effect is not so strong, on the other hand, if both left and right moving excitations enter two intervals, then the reflected entropy becomes much larger than that for the vacuum. This strong effect comes from the entanglement between two intervals, which is created by the excitation. However, we do not have any clear explanation of the small effect found in transition   FIG. 4 . The non-trivial entanglement wedge cross section in the BTZ background has two candidates. We can see this transition from the evaluation of (18) .
As we will see later, this small effect does not appear in RCFTs.
Since our analysis in CFT is consistent with the entanglement wedge cross section, we can relate the above discussion to original conjecture, the holographic entanglement of purification (EoP) E P (A : B) [6, 7] . In particular, the EoP is more sensitive to the classical correlation than the reflected entropy, thus the importance of classical correlation becomes more remarkable. (For example, we have the lower bound of EoP for any states E P (A : B) ≥ I(A : B)/2, whereas we have the stronger lower bound for separable states E P (A : B) ≥ I(A : B) [36] . )
V. HEAVY STATE
We consider a CFT on a circle with length L. Then, the reflected entropy for a heavy state can be obtained from
Here, this correlator is defined on a cylinder. This can be mapped to the plane (z,z) by
For a sufficiently large subsystem, we have obtained
This result perfectly matches the entanglement wedge cross section in the BTZ metric [6] , namely the cross section described in the right panel of the FIG. 4 . It means that the thermalization in the large c limit [37] [38] [39] [40] [41] can also be found in the reflected entropy. (For a sufficiently small subsystem, we can also obtain one for left panel of the same figure. )
Our result also answers the interesting question, what is the bulk dual of our quench state. We show that the surface ends at the horizon of the black hole. This can be explained by considering the horizon as an end of the world brane [42] [43] [44] . In this case, the surface can end at the horizon even if we consider a pure state black hole. We have to mention that this idea should be also applied to the EE in a heavy state because the reflected entropy (20) should reproduces the double of the EE in the pure state limit. Note that the pure state limit of the (20) does not match the result in [29] . This is because their derivation implicitly assumes that the change of the dominant channel (i.e., the transition shown in FIG. 4) does not happen. However, the result under such an assumption contradicts the pure state limit, and basically there is no reason to remove the possibility of the transition even in the EE. It is also important to note that this disconnected phase can never dominate at the → 0 limit in the previous section.
VI. RCFT
It is very interesting to compare our result to the dynamics of the reflected entropy in other CFTs, especially RCFTs.
If we consider the setup ( 0 < u 2 < −v 1 < −u 1 < v 2 and O is acted on x = 0 at t = 0.) for example, we obtain
where d O is a constant, so-called quantum dimension, which is re-expressed in terms of the modular S matrix as [45, 46] 
One can find two significant differences from FIG.5,
does not appear in RCFTs, unlike the holographic CFT.
• The holographic CFT shows the logarithmic growth in
, on the other hand, the growth of RCFT approaches a finite constant.
It would be interesting to note that this growth pattern (21) is exactly the same as that of the mutual information, which is quite natural for RCFTs because the quasi particle picture can be applied in any time region.
VII. DISCUSSION
One can reproduce the above results from the odd entanglement entropy [23] , which is defined by . We choose γ = 2 in holographic CFT and O = σ in Ising model. Each blue dot shows a transition of itself or its first derivative.
where ρ AB is a reduced density matrix for subsystems A and B, obtained by tracing out its complement. The limit n o → 1 is the analytic continuation of an odd integer and T B is the partial transposition with respect to the subsystem B. The odd EE for holographic CFT is expected to have the following relation, 
Indeed, one can replace S R (A : B) with 2(S o (A : B) − S(AB)) for the above results (In fact, this is also the case for RCFTs). This coincidence can happen because we are considering large c limit and/or Regge limit which give us quite universal consequences. In more general parameter regimes, these two quantities should behave differently. It is very interesting to study further such regimes. Interestingly, we can also discuss the non-perturbative quantum correction of the reflected entropy (and odd entropy) by using the Virasoro conformal block before taking the large c expansion. We have observed that this correction is always negative. This is quite natural because the discontinuous transition between connected and disconnected entanglement wedge should become smooth once we go to the finite c regime. We will describe the detail of this point in the upcoming paper [33] .
Finally, there are several interesting future directions which can be accomplished in a similar manner. For example, it would be interesting to understand a relation to negativity [20] , to study dynamics in other irrational CFTs [47, 48] , to investigate information spreading by using the reflected entropy [49] , and evaluate the Renyi reflected entropy, in particular, its replica transition [30, 32, 50] .
